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Introduction
e Lattice QCD path integral

(Q) = %/[dU]e_Sg(U) [det M(U)]?Q(U)
a = Nf ( L) for Wilson (staggered) fermions, M = MTM

e 108 — 109 degrees of freedom = Monte Carlo integration

e Interpret e~59 det M% as a Boltzmann weight, and use
importance sampling

1 N
N ; QU;)
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Quenched Approximation

e Fermion determinant extremely non-local object

e Quenched approximation: set det M =1

e Gauge action local: over relaxed heatbath algorithms very
efficient

e Just plain wrong!
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Quenched n=2+1

= Must include dynamical fermions to obtain QCD
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The HMC Algorlthm (Duane et al)

e De facto algorithm for including dynamical fermions
e Rewrite determinant in terms of pseudo-fermions

det M = /Dqung e~ Mo /ngTqu =5

e Need global updates since psuedofermion action is non-local
e Introduce fictitious momentum field m and define a Hamiltonian

1
H:§trw2—|—Sg—|—Sf=T—|—S

e Integrate Hamilton’s equations to propose a new configuration
e Global Accept / Reject to obtain desired probability distribution

1
P(U,¢) = —e 207
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The HMC Algorlthm (Duane et al)

e Each update consists of

— Hybrid Molecular Dynamics Trajectory
+ Momentum refreshment heatbath (P(rn) < e™™ 7/2).

+ Pseudo-fermion heatbath (¢ oc MT¢, where P(€) o« e €7°).
« MD trajectory with 7/67 steps.

— Metropolis Acceptance Test Picc = min(l,e_5H)
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Molecular Dynamics

e Hamilton's equations % = 4L = 7 and 97 = 45 —

Must discretize the ‘“fictious time” 7 and integrate numerically
Define integrators in terms of evolution operators Q and P

Q = Z—i% with €7@ #(U,7) — f(U + 67T (n), )
dsS o

e with 7% : f(U, ) — f(U = — 6158 (U))
Metropolis requires Detailed Balance

— Integration must be reversible and area preserving
— Use Symmetric Symplectic Integrators, e.g., leapfrog

U((ST)T/dt = (€5T P/20T Q0T P/Q)T/(ST + O(67°)
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Molecular Dynamics Forces

e Pure Gauge Force (%) local analytic quantity
— CHEAP
e Fermion force
d St d tag—1 T —1dM —1
dU d,U(b ¢ ¢ dU ¢
— Each update to the momentum requires solution to
Mx = ¢
— Generally calculated using a Krylov solver, e.g., CG
— EXPENSIVE
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Cost of HMC
10
e Condition number blows up as . clover
m — 0 ) °F atered ]
e Force o< 1/m, requires 6 — 0 to £ s
maintain acceptance rate ; ]
e Also, as m — 0, correlation = +-
lengths div%rge ” -
o C x Mz L2a—" i
mp O_I L ‘ L |‘\;[-f|"\‘r¢ -\-l»—\»r—l wr 1]
CP-PACS and JLQCD, 2002 0.0 0.2 0.4 0.6 0.8 10
m,/m,

= Require huge computers OR better algorithms
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Chronological Inverter

e Solution x(7) = M(7)~1¢ is a smooth function

e Idea: Use previous solutions to act as an initial guess

e Minimize over the space of previous solutions (Broweret al) :
for

rg = ) ciMXx;
i
solve
xlo = ) eiX My
1

e Requires high precision solutions to maintain reversibility
e Gain around a factor of 2
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Higher Order Integrator

e Potential for gain from using O(§7%) integrator, e.g.,
Campostrini

U((ST)T/dt — (€5T€P/2€5TEQ€5T(1—0’)P/2€—5T€0Q
O (1=0)P/2 57 €Q o7 EP/Q)T/5T + 054

e Better volume scaling V9/8 vs. Vv5/4

e Constructed from sub-leapfrog steps with 67540 > §r

e Sub-leapfrog integrator can go unstable much sooner than ot
suggests (Joo et al)

e Higher order integrators are very unstable

e O(672) usually found to be optimal
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Multiple Timescale IﬂtegratiOﬂ (Sexton/Weingarten, 1992)

For Hamiltonians of the form H =T 4+ 51 + 55
Integrate S; and S, force contributions on different timescales

U(5T)T/5T — <(€57'P1/4me57'Q/2m€57'P1/4m)m657‘P2

(657' P1/4m€57- Q/2m€57 P1/4m>m)7'/57

Two separate timescales §7°1 = §7/m, 67°2 = 67

Large and cheap force = P, Small and expensive force = P»,
Nalve partitioning: S; = Sy, S> = Sf fails as m — 0

Can extend this recursively for N timescales
H=T+4+51+...4+ Sy

Great idea, but dormant for 10 years...
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Multiple Pseudofermions with Mass Preconditioning
e Mass-precondition the fermion determinant (Hasenbusch)
det(MTM) = det(MTI) det (M(MTM)—lﬂT)
with m(M) > m(M)

e Tune KV(MTM) ~ &(M(MTM)_lMT) ~ \//{(MTM) (Hasenbusch-Jansen)
e \Why does this work?
— Better sampling of Gaussion integral using multiple
pseudo-fermions
— This reduces fluctuations in the fermion force
— Fermion force F « k"

e Factor 2 improvement through 67 increase
e Use more than one dummy operator

Gain increases as m; — O
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Multi-timescale Mass Preconditioning (QcosF, urbach et ar)

e Tune dummy operators so that most expensive
(preconditioned) force contributes the least

e Use multi-timescale integrator (S; = Sy, So = S, S3 = Sf)

e Factor 10 improvement at light quark mass

5 |
(| F (, w)||) Average force = | Tflops - years | Urbachetal. W
10 Maximal force T — _ ol Ukawa
F ] LrF o staggered A 7
] Vo \
7 | A Hu
T \
LE E Vo \
: ‘. \
\
0.1k - " a
0 L Tl L A m | — L
0.01 0 0.5 1
Fg F F mps /My
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e Can rewrite the Dirac operator M = ( Do Dsq )

Deq

e Do (Dgq) is Dirac operator on black (white) blocks with
Direchlet boundaries

e Dsq and Dsqor is the Dirac operator connecting these blocks

e Rewrite determinant )
Do O Do Dso Dg_2 0
det M = det
( DQ/ 0 D 1

det _
O Dcey > ( D 5oy o
e Separation into large and cheap, and small but expensive

= multi timescale integrator
Large speed up over naive algorithm

D(SQ/
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Determinant Preconditioning is Key

e Other methods
— U.V. Filtering (de Forcrand)
— Polynomial filtering (Peardon and Sexton)
— Multistep stochastic correction (see talk by Enno)

e All improvements rely on determinant preconditioning
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Non-local Actions

1
e Strange quark inclusion requires det M?2

e Finite temperature calculations typically use staggered quarks

— Remnant chiral symmetry important here

— Non-local action: det M%, a = %%

e HMC cannot be applied for these cases
e Inexact algorithms traditionally used
e Is using exact algorithms more expensive?

e Are the improvements in “Local actions” applicable here?
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The R Algorlthm (Gottlieb et al)

Rewrite fermionic determinant:

det M® = exp (atrin M) = exp (—Serr)

Integrate Hamilton's equations as before
Use noisy estimator ¢ for trace = pseudo-fermion force
Leading order error term O(d7)!
Recover O(§72) with Nf dependent ¢ updating
— Non-reversible
— Jacobian = 1
Cannot include Metropolis acceptance test
= Algorithm is inexact
Nalve cost = HMC, but requires extrapolation to zero stepsize
Stepsize rule of thumb 67 ~ %m|
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Polynomial Hybrid Monte CarlO (de Forcrand-Takaishi, Frezzotti-Jansen)

e Write in pseudo-fermion notation

/ DJDipePM Y
~ / DYDype PPV,

where P(M) is valid over spectrum

Pseudo-fermion heatbath easily realised P(M) = pf (M)p(M)
Use standard MD leapfrog = exact
Generally polynomial degree m > Nijier CG iterations
Use low degree polynomial
— Reweight acceptance test or observable
e Use high degree polynomial
— o # 1 derivative uses Leibniz rule = Memory, rounding

det M“
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Optimal rational approximations

le-06 = 5
E E
g le-12 — =
5
]
B
=
=
& le-18 F £
= Rational Extrapolation
e . . s
le-24 & - Polynomial Extrapolation 3
— Rational
— Polynomial
16'30! 1 1 1 IIIIII 1 1 1 IIIIII 1 1 1 IIIII!
1 10 100 1000

Degree of approximation

Generated using Remez algorithm

Real non-degenerate roots (poles are always +ve)
Partial fractions - r(z) = >, #’%k

Evaluate using multi-shift solver

Numerically stable («y have same sign)
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Rational Hybrid Monte Carlo (ciark-kennedy)

e Rewrite fermionic determinant
| DEDpe M1
/Dq_ﬁque_ggrQ(M)qb,

det M“

Q

with r(z) = z—9/2
e Precision is cheap: Conventional Metropolis
e RHMC:
— Hybrid Molecular Dynamics Trajectory
+ Momentum refreshment heatbath (P(n) xc e~ ™ 7/2).
+ Pseudo-fermion heatbath (¢ x r(M)~1¢, where
P(§) oxx e 878).
« MD trajectory with 7/67 steps.
— Metropolis Acceptance Test Pacc = min(1,e%1)
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Rational Hybrld Monte Carlo (ciark-kennedy)

e MD trajectory
— Double inversion from r2(M)
— Use low degree approx r = M %= r
— Pseudo-fermion force

2

m
She=— Y @ (M~+3) MM+ B) Lo
i=1
e CQG cost per trajectory ~ HMC
— One extra inversion required for heatbath
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Exact vs. Inexact (rec-Bielefeld)

3 3
RHMC vs. HMDR, p4fat3 m =0.01, 8 x4 RHMC vs. HMDR, p4fat7, m =0.1, 8°x4
I T T T T T T
e RHMCdt=0031 |
= HMDR dt = 0.004 12 1
02r ' ¢ RHMCdt=0.1
8 g 115 » HMDR dt =0.02
& g 1.1+ e HMDR dt =0.04
o 5 .
o 9 !
£0.15F §1.051
Q @] 5
E B 1p
nh .- |
S S
© 01k 0.95|
09
0.85}
005 L | L | . 1 | | ] S | L L | L L I | ! L | | !
324 326 328 330 332 296 297 298 299 3 301 302 303 304
P B

e P4 staggered fermions
e RHMC allows an O(10) increase in stepsize
e Speedup greater as m; — 0O
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Exact vs. Inexact (de Forcrand-philipsen)

1.75 : : : 1.85
am=0.034 |}
1.7 ¢ am=0.030 7 1.8 |
1.65 | am=0.025 A | 1.75 |
1.55 | 1.65 |
=t o
m m
15 | 16 |
145 | 155 |
1.4 | RHMC-alg. 15 |
1.35 | 1.45 |
1.3 L— : ' : ' ' 1.4 : ' ' '
0 02 04 06 08 1 1.2 0.015 002 0025 003 0035 0.04
(6t/am)? am
(Naive Staggered Fermions, Ny = 3, V = 834)
e Results:

— Binder cumulant increases
— Stepsize extrapolation is vital for R algorithm
— 25% reduction in critical quark mass at orit = %’rm
— 20% change in renormalised quark mass
e Conclusion: *“an exact algorithm is mandatory”
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Multiple Pseudofermions with RHMC (ciark-kenneay)

e Rewrite determinant
det M = [det M1/™]™

o« I[ do;dgl exp (—plm=mg)),
j=1

e So called nth root trick
e Speedup through 47 increase
e NO dummy mass parameters to tune = easy to increase n

e Single fermion timescale
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Integ rator InStab”lty (Clark-Kennedy)

8- 57 =001 1

10000

100~ —

2 12
<OH >

0‘01 1 | 1 | | | 1
0 0.05 0.1 0.15 0.2

6Tferrnicm
(Staggered fermions, V = 16, 3 =5.6, Ny =2, m = 0.005)
e With n = 1 integrator breaks down as dr is increased

e Instability “tickled” by low fermion modes ~ O(mil) (Jo6 et al)
e Higher order integrators are more ticklish
e What happens with multiple pseudofermions?
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Integ rator InStab”lty (Clark-Kennedy)

0000 - 8- 57 =001 1
! 0 n=2 57" =001

n=38"" =001

100~ —

2 12
<OH >

—
| T TTTTIm
|

0‘01 1 | 1 | | | 1
0 0.05 0.1 0.15 0.2

fermion
ot

(Staggered fermions, V = 16%, 3 =5.6, Ny =2, m = 0.005)
e Removes instability in the integrator!

e Why does this work? Lowest modes now O(mil)l/”
e Force now bulk dominated
Higher order integrators now beneficial
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Who's the fastest of them all? (IN; = 2 Wilson)

e Compare multi-timescale mass preconditioning and high order
RHMC

e Use popular testing parameters (V = 243.32, 8 =5.6,
Plaquette + Wilson fermions)

e Use measure C = 7229 Nyp.10~4

C
K RHMC | Urbach et al | Orth et al
0.15750 0.6 9.0 19.1
0.15800 | 29.9* 17.4 128
0.15825 | 52.5% 56.5 -

*Using 4MN5 fourth order integrator (de Forcrand and Takaishi)

e RHMC similar in cost to mass preconditioning
e Look at integrator stability with mass preconditioning
— @Gain from higher order integrators also?
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24+1 QCD

e 2.9g. Domain Wall 241 flavour determinant
i i 1/2 i f 3/2
det M, M, det MJ M _(detMM\ [ det MM
det M, My, | \ det M1, My, det MM ) \ det M, Mo,

e Mass Precondition using the strange quark

o Use nth

root trick for triple strange

e NOT mutually exclusive improvements

e Use multi-timescale integrator (gauge, triple strange, light)
e Light quark mass constitutes around 10% CG cost

e Cost dependence on mass comes mostly from autocorrelation
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Berlin Wall Plot

e Compare the cost of fermion formulations and/or algorithms

Ne=2+1 DWF RHMC (RBC-UKQCD)

Nf = 2 Mass preconditioned Wilson (urbach et ai)
Nf = 2 Mass preconditioned Clover (QcbDsF)

Nf = 2 + 1 Mass preconditioned Clover + RHMC
(Wuppertal-Jiilich)

Nf = 2 Mass preconditioned Twisted Mass (ETMm)
Ne,=2-+1 AsgTad R (mILC)

Ne=2+4+1 AsgTad RHMC (Clark-Kennedy)

e All data scaled to V = 243 x 40, ¢ = 0.08

e Box is too small and too coarse
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10’ 1T T 7 T T 1 | ‘ 1T T 1 ‘ 1T T 1
i —— clover |

8 — ', - - - - improved —]
- ‘. staggered

Cost in Tflops year
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Conclusions

e After 20 years HMC is still the best dynamical algorithm

e T he last 5 years has seen an explosion in HMC improvement
e Determinant preconditioning is the key behind all improvement
e Non-local actions are no problem

e Pick and mix the most appropriate algorithm
— Multiple time scale mass preconditioning
— Domain decomposition
— nth rootary with RHMC

—2
e HMC cost is now (C (M) [2aq° (Liischer)

Mp
e Physical point no longer a pipedream

Further improvement must come from autocorrelation?
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